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^ ■ Abstract 

in 

^^ ■ The Landau, Pomeranchuk, Migdal (LPM) effect (suppression of the 

r^^ I bremsstrahlung from high energy electron due to a multiple scattering 

0^ ' of an emitting electron in dense media) is considered for the case when 

r~| ' thickness of a target is of the order or less than the formation length of 

C^, radiation. The effects of the polarization of a medium and transition radia- 

Q^l tion are taken into account as well. Qualitative picture of the phenomenon 

^ ■ is discussed in detail. Comparison with recent experimental data is carried 

• • . out. 

>. 
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1 Introduction 

The process of bremsstrahlung from high-energy electron occurs over a rather 
long distance, known as the formation length. If anything happens to an electron 
or a photon while traveling this distance, the emission can be disrupted. Landau 
and Pomeranchuk showed that if the formation length of bremsstrahlung becomes 
comparable to the distance over which a mean angle of multiple scattering be- 
comes comparable with a characteristic angle of radiation, the bremsstrahlung 
will be suppressed ^. Migdal 0, Q developed a quantitative theory of this phe- 
nomenon. An influence of polarization of a medium on radiation process leads 
also to suppression of the soft photon emission (Ter-Mikaelian effect, see in [Q). 

A very successful series of experiments - [0] was performed at SLAC during 
last years. In these experiments the cross section of bremsstrahlung of soft pho- 
tons with energy from 200 KeV to 500 MeV from electrons with energy 8 GeV 
and 25 GeV is measured with an accuracy of the order of a few percent. Both 
LPM and dielectric suppression is observed and investigated. These experiments 
were the challenge for the theory since in all the previous papers calculations 
(cited in [^) are performed to logarithmic accuracy which is not enough for de- 
scription of the new experiment. The contribution of the Coulomb corrections (at 
least for heavy elements) is larger then experimental errors and these corrections 
should be taken into account. 

Very recently authors developed the new approach to the theory of LPM 
effect 1^ where the cross section of bremsstrahlung process in the photon energies 
region where the influence of the LPN is very strong was calculated with term 
oc 1/L , where L is characteristic logarithm of the problem, and with the Coulomb 
corrections taken into account. In the photon energy region, where the LPM 
effect is "turned off', the obtained cross section gives the exact Bethe-Heitler 
cross section (within power accuracy) with Coulomb corrections. This important 
feature was absent in the previous calculations. The contribution of an inelastic 
scattering of a projectile on atomic electrons is also included. The polarization of 
a medium is incorporated into this approach. The considerable contribution into 
the soft part of the measured spectrum of radiation gives a photon emission on 
the boundaries of a target. We calculated this contribution taking into account 
the multiple scattering and polarization of a medium for the case when a target 
is much thicker than the formation length of the radiation. We considered also 
a case when a target is much thinner than the formation length. A case of an 
intermediate thickness of a target (between cases of a thick and a thin target) is 
analyzed but polarization of a medium is not included. 

In the present paper we calculated the cross section of bremsstrahlung process 
in a target of intermediate thickness. In Section 2 we derived general expression 
for the spectral probability of radiation in a thin target and in a target with in- 
termediate thickness where the multiple scattering, the polarization of a medium 
and radiation on boundaries of a target are taken into account. The representa- 



tions suitable for numerical calculations are derived. Useful asymptotic formulae 
are found. In Section 3 qualitative picture of the phenomenon is discussed in 
detail. In Section 4 we compare the calculated spectral curves with recent ex- 
perimental data [0 where electrons with energy e = 25 GeV and e = 8 GeV 
radiated in a gold target with thickness / = 0.7(0.1)% Lrad- Agreement between 
theory and data is perfect for / = 0.7% Lrad at electron energy e = 25 GeV, for 
the same target and e = 8 GeV agreement is satisfactory. 

2 Spectral distribution of the probability of ra- 
diation 

Proceeding from the formulation of f^ (see Section 4) we can obtain general 
expression which takes into account boundary effects for a target of arbitrary 
thickness. With allowance for multiple scattering and polarization of a medium 
we have for the spectral distribution of the probability of radiation 

dw 4q; 

— oo — oo \ ^ 

x(0|ri5(t2,ti)+r2pS'(t2,ti)p|0), 
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here e is the energy of the initial electron, u is the energy of radiated photon, 
e' = e — uj, n is the density of the atoms in a medium, I is the thickness of a 
target. So, we split time interval (in the used units) into three parts: before 
target {t < 0), after target {t > T) and inside target (0 < t < T). The mean 
value in Eq. (|2.1| ) is taken over states with definite value of the two-dimensional 
operator q (see H, Section 2). The propagator of electron has a form 



S{t2,ti) = Texp 



t2 

n{t)dt 



(2.3) 



where the Hamiltonian 7i{t) in the case of a homogeneous medium is 
n{t)=p^-zV{Q)g{t), p = -iVe, g{t) = mHT-t), 
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C = 0.577.... 

(2.4) 

The contribution of scattering of a projectile on atomic electrons may be incor- 
porated into effective potential V{q). The summary potential including both an 
elastic and an inelastic scattering is 



V{g) + V,{q) = -QefQ' {in^'^lf + 1^ T + '^^ 



(2.5) 



where 
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g(l + -), ^e/ = ^iexp 
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In ( p^.l| ) it is implied that subtraction is made at V^ = 0, k = 1. 

It is important to note that Eq.(4.1) of Ref.8 is valid for description of effects 
of multiple scattering and polarization of a medium. But for description of the 
transition radiation on two boundaries it should be modified as it is done in 
Eq.(|3). 

In [H the potential Vi^Q) was presented in the form 
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(2.6) 



where the parameter q^. is defined by a set of equations 



Q^ = 1 for z/i < 1; 4g^^L(^,) = 1 for z/i > 1; z/^ = AQL^. (2.7) 

This form is convenient for expansion over powers of 1/L (typical value L ^ 10). 

The formation length of radiation (for uj <^ e) inside target with regard for 

the multiple scattering and the polarization of a medium (see Eqs.(3.3), (7.1) in 

i) 
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(2.8) 



can be written as 
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(2.9) 



^1{qc) = ^QL{qc), ylii) = K 



We calculated in M the probability of radiation inside a thick target taking 



into account the correction term v{q) to the potential V^(^), see ^^. This was 
important for sewing together with Bethe-Heitler cross section in the region of 
photon energies where influence of the multiple scattering is very weak (z/i ^ 1). 
The contribution of boundary photons was calculated without the correction 
term v{q). 

In the case when a target has intermediate thickness (/ ~ If) mentioned 
separation of contributions becomes senseless. We consider this case neglecting 
by the correction term v{q). The typical mean value we have to calculate (see 

HD-rO)) is 



(0 \exp{iHoti) exp{-iHt2)\ 0) -^ (0 \exp{iHoti) exp{-iH^t2)\ 0) = 
{0\exp{iHoh)\Q) {Q\exp{-iH,t2)\0) = J d^gK*{0,Q,ti)K,{Q,0,t2), i^-^O) 

where Hq = p^, H = Hq + V (q) , He = Hq + Vc{q). The Green functions 
Kc{Qi-, Q2-,'l^) aiid Kq[Q]^, Q2.,t) are defined in [Q (see Eqs.(2.27), (2.24)). Caring 
out the calculations (some results obtained in Sections 4, 6 0) we find for the 
spectral probability of radiation 



dw 



!^-^E[-n.mFin..ReF, 



(2) 



duj 



T^UJ 



k=l 



F^ 



(m) 



:,{m) 



^ 3 
T 



dti / dt2e 





{ti+t2y 



'it2 



m —iKt2 



N'^e 



■,{m) 



■,{m) 



dt{T-t) (t-iO) 



^-^^e-'' 



jymg-i^i 





oo 



dti / dt2e-'^''+'^^ (ti +t2 + TY'"" e-'^ - Nfe 



m„—iKT 



(2.11) 



where 
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Note that in left-hand side of formula (p.ll|) m is an index, while in right-hand 
side m is a degree of a relevant functions. The functions F). , 1 < fc < 4 are 
respectively the contributions of four domains of integration over t\ and ^2 (see 
[§], section 4): four domains: 



1. ti < 0, < t2 < T; 



2. < ti < T, < t2 < T; 

3. < ti < T, t2 > T; 

4. ti <0,t2>T; 

in two more domains ti,2 < and ti_2 > T an electron is moving entirely free 
and there is no contribution from these domains. 

Rearranging the subtraction terms in Eqs.( p.ll| ), ( p.l2|) we present the spec- 
tral probability of radiation as 
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The functions J5 (T) we split into two parts: 



iKt\ 

(2.13) 
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Here J5 (00) is the sum of the two first terms in the expression for J5 (T) 
where the upper limit of integration T is substituted T — >^ 00. So, the expression 
for J5 is 
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In the two-fold integrals in expressions for J5 (00) and J5 we replace the 
variables to t = ti + ^2 and ^2 take integrals over ^2- After this the expression for 
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J^ (oo) contains the integral 
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The first term on the right-hand side is the Froullani integral equal to In k. In 
the second term the integration contour can be closed in the lower half-plane, 
where the integrand has no singularities, so that this integral vanishes. Using 
the above analysis we have 
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Similarly we have 
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where integration by parts is fulfilled. 

It is easy to check directly that the sum of the terms in jg which don't 
contain the parameter k vanishes. Because of this we can write J5 in the form 
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Integrals in (|2.19|) can be expressed in terms of integral sine si(x) and integral 
cosine ci(x) (see [Q): 

-Im jf ^ = -^—A{k, T) - TBi {k,T)-Ii + -\ cos kT 

K — 1 \ kJ 



Re j^ 
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1 + 
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where 



A{k, T) = ci(fi:T) — cos ip ci(T) + sin ip si(T), 

Bi{k,T) = si(/tT) + cosip si(T) + sirup ci(T), 

B2{k,,T) = K, si{K,T) + cos(p si(T) + sirup ci(T), (p = {k, — 1) T(2.21) 



In the expression for the spectral probabihty of radiation in form ( p^.l3D in 
the hniit uqT -C 1 contribution of terms J™ (k=l,2,3) becomes small (it is pro- 
portional to powers of z/qT). Moreover, for kT > 1 the main contribution gives 
term J^ which is z/- independent. This term describes transition radiation (see 



( |2Jl|) , ( pJ8|) , ( p:20| ), (p:21|)). The term 4r is known expression for probability 



r(2) 



of transition radiation on one boundary, while J5 as a whole describes the tran- 
sition radiation on the plate with two boundaries (in the frame of the classical 
electrodynamics) and coincides with corresponding results in the transition radi- 
ation theory (see e.g.[0). Our complete result in this case gives the probability 
of transition radiation in high-energy quantum electrodynamics. 

For numerical calculations it is desirable to improve a convergence of the 
integrals in ( |2.13| ). For example, in the integral J{ we rotate the integration 
contour over ti at an angle -71/ 2 and pass on to the variable -iti. Then we have 



Ji = i dti exp(— ti) / dt2 
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Taking integral over t\ we obtain representation of J\ as a single integral which 
is more convenient for numerical calculations 



Ji = i dtexp(—iKt)< exp(it)Ei(— it) 
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f i tanh. i't\ ( ztanhz/t' 
exp I Ei I 



IV 



V 



V 



tanh vt 



(2.23) 



where Ei(2;) is the exponential integral function defined as in 0. In calculations 
one has to use appropriate branch of the function Ei(2;) in the complex plane. 

In the integral J\ we substitute ti — ^ —itx and t2 ^ —it2 and then replace 
the variables t = ti + ^2, 2: = ^2- The result is 



J I = exp(— mT) / (itexp(— t) / dx 



1 



{t + iT) 
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(2.24) 



We consider first the case when LPM effect is weak {yi ^ 1). Then for 
thickness T ^ 1/z/i the transverse shift of the projectile due to the multiple 
scattering in a target as a whole have no influence on coherent effects defined by 
the phase = ujl{l — nv) in the factor exp(— i0). We assume here that condition 
T-'iiyjp) > 1 (definition of Up see in ( |2.2| )) is fulfilled, that is in the region where 
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z^i ^ 1 one has uj ^ uop and effects of the polarization of a medium are negligible. 
This is true for high energies {e > 10 GeV). Indeed, for the projectile traversing 
a target in the case uiT ^ 1 an increment of the phase is small 

A0 ~ cjW^ ~ ujI-^ ~ u?T^ < 1 (2.25) 

7 

The angle of multiple scattering -t^s is small also comparing with an characteristic 
angle of radiation I/7 (7^'i9^ = ^fT ^ 1). So, in the case ui -C 1, z/iT <ti 1 the 
radiation originates on separate atoms of a target and an interference on target 
boundaries is defined by the value ujI{1 — v) = T . At T <C 1 this interference is 
weak, while at T ^ 1 there is an exponential damping of the interference terms 
due to integration over photon emission angles. Expanding over z/i in ( |2.13| ) we 
obtain (k = 1): 



Rej(^)(T) = ReE4'^m-^ 
fc=i "^ 



1 - 3T / ^ ^ sm(xT)dx 

J x-^ 
1 



ufT 



3 

For case T ^ 1 

Re J(2)(r) ^ ^ 
o 

and for case T ^ 1 



3r( (l + — ) si(T) -2Tci(T) + -sinT cosT 



fT + 6T^(lni + l-C 



(2.26) 



(2.27) 



fn\,^^ y'^T f cosT\ 

Re J^'\T) ^ ^ (1 + 6^^ j . (2.28) 

Thus, in the case z/i -C 1, uiT ^ 1 the probability of radiation is defined by 
Bethe-Heitler formula both for T <^ 1 and for T ^ 1. However, for T ~ 1 the 
interference on the target boundaries may be essential. 

When the parameter z/iT is large (z/i ^ 1, uiT ^ 1) the radiation is formed 
inside a target and the interference terms are damping exponentially. In this 
case formulae derived in [§] for thick target are applicable. In this case value of 
separate terms in the sum for Re J^^^'iT) could strongly oscillate: 



Re ji^\T) = Re J^iT)) ^ Re jf^(oo) - f dti f dt2 

T 



COs(ti + t2] 



ih + hy 

Re Jr(oo) - A(T), Re J^'^T) ~ Re J^'^(oo) + A(T), 
00 00 , , 

0^ ' 

00 , , 00 

A(T)=/i^cosr*==-/5E^A==-^. (2.29) 

T T 
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It is seen from ( [2.29| ) that in the sum for Re J*-^-* (T) the contribution of terms 
A(T) is canceled exactly. In the considered case (z/i ^ 1) the value Re J^'^\oo) 
gives the formula Bethe-Heitler with corresponding corrections. Remind that in 
the limit z/i — i> the exact Bethe-Heitler formula can be obtained only if the 
terms oc 1/L are taken into account |§]. The expression for Re J'-^^ found in 
Sect.4 of m is 



Re J(2)( 



oo 



ufT 



6Li 



16z/f 
21 






(2.30) 



where Li and ui are defined in (|2.4|) and 

We consider now the case when the LPM effect is strong [uq ^ 1) and the 
parameter T ^ 1 while the value which characterize the thickness of a target 
z/qT ~ 1. Such situation is possible at u; <C e. So, we can omit terms with 
ri = up' JE^ and put r2 ~ 2. We expand the expressions for j]. in a power series 

in — and T including linear terms in — and T. The resulting decompositions 
are 
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tanh z/T 

-I + ^tI. (2.31) 
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The presented here expressions for functions Ji , J2 , J3 are not valid in the 
case kT > 1. However, in this case (under condition that z/qT -C 1) the contri- 



r(2) t(2) 



r(2) 



bution of terms Jj , J2 , -/s is negligible both in the asymptotic expressions 



(|2.31|) and exact formulae ( p.l3|) . This means that expressions ( p. 311) may be 
used at any value nT when z/q ^ 1,T <^ 1. Substituting obtained asymptotic 
decompositions into Eg. ( p. 131) we find for nT <^ 1 



dw 
doj 
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TIOJ 



(Re J(2) + Jf )) , J, 



Re J(2) = Re ^ J; 
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Re < ln(z/ sinh z/T) — 1 — C — k— — h 
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ln(i/tanhz/T) + 1 - C 
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cosh i/T 



vT 
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z/ = exp ( «- ) I/O- 



TT 



sinh2t sinh^t^ 
For a relatively thick target {vqT ^ 1) we have from ( |2.32| 

Re J(2) ~ In z/o - 1 - C - In 2 

UqT ( ^ TTK \ 



tanh uT tanh i/T y 

(2.32) 



— U— + lnz/o + l-C+- 



(2.33) 



V2 V 2V2z/o/ 

Here the terms without T are the contribution of boundary photons (formula 
(4.14) of [Q) while the term oc T gives in ( p.33| ) the probability of radiation 
inside target (with correction ~ k/i/q but without corrections ~ ^/L). The 
relative value of the last corrections at z/q 3> 1 is (Eq.(2.45) of 0) 

.= 1 (',„2_C + i)=.5i51. (2.34) 

2L(&) V 4; L(ft) ^ ' 

In the limiting case when a target is very thin and vqT ^ 1 but when v^T ^ 1 
we have from ( p.32| ) 



Re J(2) 



1 + 



^IT^ 



\n{vlT) + l-C -2 + 5. 
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180 45 V ) 6 ^ ° ^ 



(2.35) 
(up to 



The terms without 6 in this expression coincide with formula (5.15) of 
terms oc C / Lt). 

In the photon energy region where vqT <^ 1 the contribution of the terms 
Jf^ (k=l,2,3) is very small (~ 5) and decreases with photon energy reduction 
(oc uj), so that in the spectral distribution of radiation only the terms J4 , J5 
contribute. We consider now the function J] in the case when {1 + vq)T <^ 1 and 
the parameter i^qT, which characterizes the mean square angle of the multiple 
scattering in a target as a whole, has an arbitrary value. Under the mentioned 
conditions the function A^4 in ( p.l2| ) may be written as 



N' 



{u^Ttlt2 +h+tr 



dxxexp —ix {v^Ttit2 + ti + t- 



(2.36) 



Substituting this expression in ( p.l3|) we find 



(2) iKT 



jre 



CXJ CXJ CXJ 

/ dxx I dti I (it2exp (— i(l + x){ti + ^2)) exp (—ixu'^Ttit 



-1 . 

(2.37) 
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Making the substitution of variables 
we obtain 



X 



Jfe-^ 



dxx / —^ I —^ exp ( — ( 1 H ) (ti + ^2) ) 1 — exp (— xz/qT 

0^0^ ""^ ^ 



4 /"dxi^i^ (2v^) [1 - exp [-xvlry^ = 2 f dggK^{g) [l - exp (-A;^^) 



4fc = u^T, 



(2.38) 



where -ft'i(^) is the modified Bessel function. Formula (|2.38|) corresponds at 
K = 1 to result for a thin target obtained in |^ (see Eq.(5.7)) without terms 
oc 1/L. Since the dependence on the parameter n is contained in ( |2.38D as a 
common phase multiplier exp(— ifi;T), one can write more accurate expression 
for J4 (with terms oc l/L) using the results of @](see Eq.(5.9)): 



00 
jf ) = 2e-'^^ J dggKlig) [1 - exp {-V{g)T)] 



V{g)T 
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For the case v^T ^ 1 it has the form 



3-^ Jf^ 



l + ^)[ln4A; + l-C]-2 + -^, Ak = ulT, 
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-Lt, 
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X2n2 
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(2.40) 



In the case when parameter k is not very high one has to use an exact expression 
found in §] (formula (5.7)). For fc -C 1 one can expand the exponent in the 
integrand of ( ^.39| ). Then we find 



,-,f. = !^fi+ 1 V .?r = ^-^'f"'L.. 



6L1 



m^ 



At kT ^ 1 the spectral distribution of probability is 

1 



dijj ?>TXUJ \ 6L1 



1-^1. 



(2.41) 



(2.42) 



This is the Bethe-Heitler formula for not very hard photons (terms oc 1 — ) are 
omitted). 



UJ 
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When a photon energy decreases, the parameter k increases as well as the 
combination kT oc l/cu, while the value iyoTY decreases oc u. Just this value 
defines an accuracy of Eq.(|]3|). Using Eqs.(^7[4D-( g3ID at T < 1, kT > 1 we 
find for the probability of the transition radiation following expression 



dw 



tr 
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77 
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TT 



1 + 



+ -sin(/€T) 



+ kTsi^kT) — 4 sin — 



luK - ci(fi:T) + cos(/tT)(lnT + C) 



kT" 



(2.43) 



In the limiting case nT ^ 1 the probability (|2.43| ) turns into standard probability 
of the transition radiation with oscillating additions 



dw 



tr 



duj 



2a 

TX 



TT 



Jtr + cos(fi;T) (InT + C + 1) + - sin(fi;r) 



(2.44) 



Note, that there is a qualitative difference in a behaviors of interference terms 
in Eqs. (|2.28| ) and ( |2.44| ). In the former an amplitude of oscillation with uj in- 
crease decreases as 1/uj whilst in the latter the corresponding amplitude weakly 
(logarithmically) increases with uj decrease. 

From the above analysis follows that in the case when vqT <€! 1 (z/q 3> 1) 
the spectral distribution of probability of radiation with the polarization of a 
medium taken into account has the form 



dw 
duo 



dwtr , , rT.\dWth 

+ cos[kI )- 



duj 



duj 



(2.45) 



where dwth/duj is the spectral distribution of probability of radiation in a thin 
target without regard for the polarization of a medium. In the case Ak = v^T ^ 1 
the probability dwth/duo is defined by Eq. (|2.4CI|) and for the case fc ^ 1 it is 
defined by Eq.( p.4l| ). More accurate representation of the probability of radiation 
dwth/dui may be obtained using Eq.( |2.39| ). It follows from Eqs.( p.44D and ( |2.45| ) 
that if we make allowance for multiple scattering at kT ^ 1 this results in 
decreasing of oscillations of the transition radiation probability by magnitude of 
the bremsstrahlung probability in a thin target. 



3 A qualitative behavior of the spectral inten- 
sity of radiation 

We consider the spectral intensity of radiation for the energy of the initial elec- 
trons when the LPM suppression of the intensity of radiation takes place for 
relatively soft energies of photons: uj < uj^^ e: 



z/i(u;J = 1, tUc = 5 — 7 riln-— , 

m^ Xr 



(3.1) 
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see Eqs.(^.4D, (|2.6|), ( |2.7| ) and ([2.91). This situation corresponds to the 
experimental conditions. 

A ratio of a thickness of a target and the formation length of radiation (|2.8|) 
is an important characteristics of the process. This ratio may be written as 



j3{u) = T (z/o + /€) ~ T, 



T 



luj 



LOr, 



^07, 




a L 



rad 



(3.2) 



where we put that vq ~ w — . Below we assume that Uc ^ iOp which is true 

V CO 
under the experimental conditions. 

If (3{u!c) = 2Tc -C 1 then ai u = Uc a. target is thin and the Bethe-Heitler 

spectrum of radiation is valid at u < Uc in accordance with Eq.( p.39[ ) since 

4k = z/qT = Tc <^ 1. This behavior of the spectral curve will continue with u 

decrease until photon energies where a contribution of the transition radiation 

become essential. In this case the spectral distribution of radiation has the form 

( p:i5|) for all uj 

dWtr , . rj..dWBH .„ „^ 

cos(/ti)^ — , \i-i) 



dw 
doj 



duj 



duj 



Since for soft photons {u <^ e) 



dl_ 

duo 



la 

TT 



r(2) 



T, 



jr^ + -f 1 + 



6Li 



cos(fi;T) 



(3.4) 



and Tc/3 ^ 1 a contribution of the transition radiation become visible already 
at kT <^ 1. For u > Uc (T^ <^ 1) the probability of radiation is defined by 
( |2.26|) -( p.28|) . In this case a considerable distinction from Bethe-Heitler formula 
will be in the region uj ~ uJc/Tc. 

If P{uJc) ^ 1 (Tc ^ 1) then at u > Uc a target is thick and one has the LPM 
suppression for uj < Uc- There are two opportunities depending on the minimal 
value of the parameter /3. 



/3n 




Ui 



UJr, 



^^ 3 

1 yn 



Ur 






If ^ra <^ 1 then for photon energies u > u\\\, will be ui2 such that 

Ur. 



/3(C^2) 



002 



7^2 
c 



(3.5) 



(3.6) 



and for u < u)2 the thickness of a target becomes smaller than the formation 
length of radiation so that for u <^u)2 the spectral distribution of the radiation 
intensity is described by formula ( f^.39| ). In this case for 4k = z/qT = Tc ^ 1 
one has (2.31). Under conditions kT <^ 1,uj < uj2 the intensity of radiation is 
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independent of photon energy oj. It should be noted that due to smallness of the 
coefficients in expression for 5 ( |2.35|) , such behaviors of the spectral curve begins 



at u; < uoth = 4:UJ2 — Auc/T^. Such behavior of the spectral curve will continue 
until photon energies where one has to take into account the polarization of a 
medium and connected with it a contribution of the transition radiation. 

At Prn ^ 1 a target remains thick for all photon energies and radiation is 
described in details by formulae of Sections 2 and 3 of [§ where comparison with 
experimental data was carried out as well. 

For very high energies when the LPM effect becomes significant at cj ~ £ 
Eq. (|3.1|) should be substituted by 



— 2 7 1 U In — 



^c = "'L, 7' ( 1 - - ) n In :^, (3.7) 

so that 



{l-Uj/e) a Lrad 

It is evident that for uj < ujc the radiation losses diminish (for very rough esti- 
mation one can use as reduction factor r/(l + r)) and due to this the radiation 
length enlarges. Of course, for the electron energy e = 25 GeV this effect is very 
weak (order of 1%). However, for very high energy it becomes quite sizable. For 
example, for the electron energy e = 500 GeV this effect is of the order of 16%. 

There is, in principle, an opportunity to measure the electron energy (in 
region of high energies) using the LPM effect. For this one can measure the 
spectral curve on a target with thickness a few percent of L^ad and compare the 
result with the theory prediction P]. 

Existence of the plateau of the spectral curve in a region of photon ener- 
gies where a target is thin was found in [ll| within Migdal approach (quantum 



theory). Recently this item was discussed in [T^ (in classical theory), |T^ and 

4 Discussion and conclusions 

In [|] the qualitative analysis of the data |]5[-0] was performed. It was noted that 
for targets with thickness / > 2%Lrad the formation length of radiation If -C / for 
any photon energy u. So, these targets can be considered as thick targets. The 
gold targets with thickness / = 0.7%Lrad and / = 0.1%Lrad are an exception. We 
calculated energy losses spectra in these targets for the initial electron energy 
£ = 25 GeV and e = 8 GeV. The characteristic parameters of radiation for these 
cases are given in Table. 

In Fig. 1(a) results of calculations are given for target with a thickness 
/ = 0.7%Lrad at e = 25 GeV. The curves 1,2,3,4 present correspondingly the 
fimctions Jp\ 4^\ jf\ J^ (|1|). At u; = 500 MeV the value 
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UJ 

viT = . — Tc = 8.4 ^ 1, the interference terms are exponentially small and one 

V ^c 

can use formulae for a thick target. In this case the parameter z/i = 0.69 and 
contribution of boundary photons (J;, = j} + J3 + JJ ) is small {Jh — ~-^i 
see 1^, Eq.(4.16)) and distinction Bethe-Heitler formula {Jbh = ^c/3 = 1.94) 
from Re J^^) = Re (jf ^ + /^'^ + jf^ + jf^) is of the order 10% according with 

asymptotic damping factor 1 — ^ ] . 

At cu < uJth — 30 MeV for the case Tc ^ 1 and /?m < 1 the spectral curve 
turns into plateau according with discussion in previous Section. In this photon 
energy region the parameter z/q > 3 and Eg. ( p. 321) for a target with intermediate 



thickness describes the spectral probability of radiation with a good accuracy. 
With the further photon energy decrease one can use limiting formula (|2.35|) 
where z/qT ~ 7.4. Note, that in formulae for J^ ' ^ j\' the potential Vc{q) (|2.6|) 
is used which doesn't include corrections ~ 1/ L {v{q)). These corrections were 
calculated in both thin and thick targets. In our case {uq ^ 1, uqT ^ 1) 
the expressions with corrections ~ 1/L are given in ( ^.34| ) and ( p^.40 ) for a thick 



target and a thin target respectively. Taking into account behaviors of correction 
in the region z/q < 1 (curve 2 in Fig. 2 (a) of P]) we construct an interpolation 
factor for term ~ 1/ L with accuracy of order 1%. The summary curve (T) in 
Fig. 1(a) contains this factor. 

The transition radiation contributes in the region uj < ujp (function Re J5 , 
curve 5 in Fig. 1(a)). When kT ^ 1 this curve is described by asymptotic of 
Re J5 ( |2.32| ). The contribution of the transition radiation increases with uj de- 



crease and for kT ~ 1 it describes by Eq. (|2.43| ). The contribution of the multiple 
scattering diminishes due to interference factor cos(fi;T) in ( p.45| ) (at 
UJ = 0.2 MeV, kT = 1.9). The curve T in Fig.l(a) gives the summary contribu- 
tion of the multiple scattering (the curve S, where factor (1 — uj/e) is included) 
and the transition radiation (the curve 5). 

In Fig. 1(b) results of calculations are given for target with a thickness 
/ = 0.7%Lrad at £ = 8 GeV. The notations are the same as in Fig.l(a). In 
this case the characteristic photon energy Uc is one order of magnitude lower 
than for e = 25 GeV, so that at uj = 500 MeV the parameter z/i is small 
[uf ^ 1/20). Because of this the right part of the curve 5* coincides with a good 
accuracy with Bethe-Heitler formula (the Coulomb corrections are included). 
Note, that for this electron energy the effect of recoil (factor (1 — uj/e)) is more 
essential. Strictly speaking, a target with a thickness 0.7%Lrad at £ = 8 GeV is 
not thin target for any photon energy {(3^ = 1.6). However, for bremsstrahlung 
this target can be considered as a thin one for u < ojth = 3 MeV. Since the 
polarization of a medium becomes essential in the same region {ujp = 1.25 MeV), 
the interference factor cos(fi;T) in ( |2.45| ) causes an inflection of the spectral curve 
5* at a; ~ 1 MeV. The transition radiation grows from the same photon energy u 
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and because of this the total spectral curve T has a minimum at cj ~ 1 MeV. As 
far as there is some interval of energies between ujp and uth {yjth — cUp ~ 3 MeV), 
this minimum is enough wide. Moreover, the value of its ordinate coincide with 
a good accuracy with ordinate of the plateau of the spectral curve S in Fig. 1(a) 
because bremsstrahlung on a thin target is independent of electron energy ( p.40|) . 

In Fig. 2 (a) results of calculations are given for target with a thickness 
Q.l%Lrad at £ = 25 GeV . The notations are the same as in Fig. 1(a). For this 
thickness T^. = 0.96 and one has a thin target starting from uj < ujc- So, we have 
here very wide plateau. The left edge of the plateau is defined by the contribution 
of transition radiation {uo ~ uOp). Since in this case Ak = ufT = Tc ~ 1 (see 
( |2.39|) -^ (|2.42|) ), one has to calculate the ordinate of the plateau using the exact 



formula for a thin target ( p.39| ). The same ordinate has the plateau for electron 
energy e = 8 GeV (Fig. 2(b)). However, a width of the plateau for this electron 
energy is more narrow (1 MeV -r- 20 MeV) due to diminishing of the interval 
between Up and Uc- For u > Uc the formation length of radiation becomes shorter 
than target thickness (T = T^uj/uJc > 1) and the parameter z/i decreases. The 
value z/iT = TcJcu/tOc increases with cu growth. A target becomes thick and 
the spectral curves is described by the Bethe-Heitler formula in Fig.2(b) starting 
from photon energy u ~ 100 MeV. In Fig. 2(b) the contributions of separate 
terms into Re J*^^^ are shown as well. Their behavior at cu > coc is described quite 
satisfactory by formulae ( p.29| )-( pl30D (see also discussion at their derivation). 

We compared our calculations with experimental data 0. The curves T 
in Fig. 1,2 give theory prediction (no fitting parameters !) in units 2a/n. We 
recalculated data according with given in procedure 

^ ^££P, k = om (4.1) 




exp ' ^^ 



It is seen that in Fig. 1(a) there is a perfect agreement of the theory and data. In 
Fig. 1(b) there a overall difference: data is order of 10% are higher than theory 
curve. For photon energy u = 500 MeV the theory coincide with Bethe-Heitler 
formula (with the Coulomb corrections) applicable for this energy. Note that 
just for this case it was similar problem with normalization of data matching 
with the Migdal Monte Carlo simulation (+12.2%, see Table II in 0). 

For thickness I = 0.1% Lrad there is a qualitative difference between our 
theory prediction and Monte Carlo simulation in [|^. There was a number of 
experimental uncertainties associated with this target. Nevertheless, we show 
data for e = 25 GeV which are lying higher than theory curve. 

For target with a thickness / = 0.7%Lrad at e = 25 GeV data was compared 
with calculation in |T^ (the Coulomb corrections were discarded). After arbitrary 
diminishing of calculated value by 7% it was found excellent agreement. It is seen 
from the above analysis that this subtraction can be considered as taking account 
of the Coulomb corrections contribution. 

We would like to thank S. Klein for useful comments about data. 
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Figure captions 



dW 
• Fig.l The energy losses uj— — in gold with thickness / = 0.023 mm in 

dio 
2a 
units — , ((a) is for the initial electrons energy e = 25 GeV and (b) is for 

e = 8 GeV). The Coulomb corrections and the polarization of a medium 
are included. 

(2) (2) 

— Curve 1 is the contribution of the term Re J]; = Re J3 ; 

— curve 2 is the contribution of the term Re J2 , 

— curve 4 is the contribution of the term Re J4 , all (|2.13| ); 

— curve S is the sum of the previous contributions Re J^^-* ; 

— curve 5 is the contribution of the boundary photons (|2.20 ); 



— curve T is the total prediction for the radiation energy losses . 
Experimental data from Fig. 12 of ^. 

dW 
Fig. 2 The energy losses u— — in gold with thickness / = 0.0038 mm in 

duj 
2a 
units — , ((a) is for the initial electrons energy e = 25 GeV and (b) is for 

TT 

£ = 8 GeV). The Coulomb corrections and the polarization of a medium 
are included. 

(2^ (2) 

— Curve 1 is the contribution of the term Re J]; = Re J3 , 

(2) 

— curve 2 is the contribution of the term Re J2 , 

— curve 4 is the contribution of the term Re j] , all (|2.13|) ; 

— curve S is the sum of the previous contributions Re J*^^-* ; 

— curve 5 is the contribution of the boundary photons (p.20|) ; 

— curve T is the total prediction for the radiation energy losses . 

Experimental data from Fig. 13 of 0. 
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TABLE Characteristic parameters of the radiation process 
in gold with the thickness / = 0.7%Lrad and / = 0.1%Lrad 
(all photon energies u are in MeV) 



€ (GeV) 


^c 


LOp 


Tc(0.7) 


T.(O.l) 


cc;i(0.7) 


PrniO.7) 


/9™(0.1) 


^th 
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3.92 


5.82 
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0.12 


28 


8 


24.5 


1.25 


5.82 


0.96 


0.76 


1.6 


0.25 


3.0 



20 



3.0 — 



3 



I 

3 

0) 

0) 

0) 
0) 

O 



U 
0) 



2.0 — 



1.0 — 



0.0 



I I I I III 1 1 I I I I III 1 1 I I I I II 



(a) Gold, 25 GeV 
0.7% Xq 








1 10 100 

Photon energy CJ (MeV) 



Fig.l (a) 



3.0 



I I I I I III 1 — I I I I I III 1 — I I I I I III 1 — r 



3 



2.0 



I 

3 

0) 

0) 

0) 
0) 

O 



U 
0) 



1.0 — 



0.0 



(b) Gold, 8 GeV 
0.7% Xq 



++i+*tt, +t+H- 




L 



J 



1 10 100 

Photon energy CJ (MeV) 



Fig. 1(b) 
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